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Motivation
To model ventilation in buildings without air conditioning
using fluid mechanics.

Introduction
Natural ventilation plays an important role in the circu-
lation of fresh air in an enclosed auditorium where air
conditioning is too noisy such as in a library, concert hall
or theatre. The use of analytical methods is supplemented
by numerical models and physical models. The slow flow
is due to the interaction between cold and warm air is
well represented by inviscid fluid mechanics see Linden
(1999). Physical models show that the flows can be mod-
elled by two layers with an inlet for incoming (cool) air,
an outlet for ventilating the (warm) air and a plume rep-
resenting a hot body in the lower layer that causes a jet
through to the upper layer. Here we focus on flows for
which there is an absence of mixing by the inflow, giving
a two-layer stratification; a lower layer at ambient density
and a buoyant upper layer. Analytical methods are then
used to solve the two layer problem; these are outlined in
the sections that follow. Much more detail is in Hunt and
Dyke (2016).

Fig. 1: A concert hall insulated from outside noise
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Fig. 2: A two layer model, simulating heavier cool air under lighter warmer air showing the steady two-layer stratification established by a buoyant plume rising from a line

source at the base of a box of height H and width W .

In terms of a stream function χ the governing equation is ∇2χ = 0 inside the box shown in fig 1. The box, plume source and
vents each have horizontal dimension L (into page). The buoyant upper region and the lower region at ambient density are
separated by a horizontal interface at y = h. The perimeter of the momentum jet that develops above the interface is shown
as a dashed line. Boundary conditions for the lower region are, see Hunt and Dyke (2016), χ(x, 0) = 0 for 0 ≤ x ≤ W/2

and χ(0, y) = cB
1/3
L y/2 for 0 < y < h where BL is buoyancy flux per unit length (m3s−3). As flow impinges on the top of

the box, it is forced sideways and we impose the condition χ = 0 there, however the (half) plume has χ(W/2, h) = cB
1/3
L h/2

which is a discontinuity at the corner. The steady height h of the interface over which to apply the equation readily
determined; see Linden et al. (1990). The plume induces a volume flux through the base openings of equal magnitude

to the volume flux cB
1/3
L hL that it transfers vertically across the interface. This flux is divided equally between the

two base openings, so that assigning the side wall boundary condition χ(x, a) = cB
1/3
L h/2 for h < y < H results in

another discontinuity of the same magnitude as before at the corner. The jet is modelled through the boundary condition
χ(0, y) = cB

1/3
L h/2 + cjet(c1B

2/3
L h)1/2(y − h)1/2/2, see Hunt and Dyke (2016). The Schwarz-Christoffel transformation is

utilised to map the rectangle in the z plane to the upper half w plane. This is shown in Figure 3.

The Assumptions

Divide the flow into upper and lower regions and model
these separately. There is also symmetry about the axis
of the plume, so only one half needs to be modelled. The
width of the plume itself is negligible compared to W
and so can be treated as a jet of zero width. Early flow
visualizations reveal that the flow is laminar. We solve
for a localized heat source in a room. As such, we model
the induced flow in the lower region as inviscid potential
flow. Moreover, as the density of the entire upper region
is equal to the density of the plume at the level of the
interface, the flow above the plume in the upper region is
also a jet. Entrainment by this jet, together with the flow
out through the top vents, sets the pattern of flow in the
upper layer which is also modelled as inviscid potential
flow.

The Mapping
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Fig. 3: The transformation from z to w plane and vice-versa.
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Complex Analysis

The Schwarz-Christoffel Transformation required for the
mapping is

w(k, z) =

∫ z

0

dζ√
1− ζ2

√
1− k2ζ2

= sn−1(z)

so that z = sn(w : k). k is the elliptic modulus 0 < k < 1

b

2a
=
K(k′)

2K(k)
k′ =

√
1− k2

where K is the complete elliptic integral of the first kind:

K(k) =

∫ π/2

0

dφ√
1− k2 sin2 φ

This transforms the interior of the rectangle shown in (a)
to the upper half plane shown in (b) where a = W/2 and
b = h. Using Cauchy’s integral formula with the method of
images, the solution to Laplace’s equation takes the form

χ(ξ, η) =
η

π

∫ ∞
−∞

χ(x, 0)

(x− ξ)2 + η2
dx; ζ = ξ + iη

which expresses all interior values in terms of those on the
boundary which is the real axis in the z plane. These are
known.

Schematic Application

Fig. 4: A Cartoon of the Benefits of Naturally Ventilating a Real Building

The Solution

Fig. 5: The circulation for the case h/H = 0.2;W = 2.05H

Applying the mixed boundary conditions as outlined in The
Idealised Model we obtain the solution to the problem. The
solution for the lower layer is

χ(u, v) = sn−1{q1(x, y)}
where

q1(x, y) =[
π − tan−1

(
x + 1/k

y

)
+ tan−1

(
x− 1

y

)]
sn(cB

1/3
L h/2)

π

+
y

π

∫ −1

−1/k

sn(Ap/2)

(p− x)2 + y2
dp.

The solution for the upper layer is

χ(u, v) = sn−1{q2(x, y)}
where

q2(x, y) =[
π − tan−1

(
x + 1

y

)
− tan−1

(
x− 1

y

)]
sn(cB

1/3
L h/2)

π

+
y

π

∫ −1

−1/k

sn(cB
1/3
L h/2 + cjet(c2B

2/3
L h)1/2(p− h)1/2/2)

(p− x)2 + y2
dp.

z = sn(w; k)

is one of three Jacobi elliptic functions. The case h/H =
0.2;W = 2.05H is plotted in Figure 5.


